Analogues of the Dedekind sums are constructed in the field GF (q, x) . The most interesting property of the analogues is a reciprocity theorem analogous to the well known Dedekind reciprocity theorem. In addition analogues are obtained for Theorems 1 and 2 of Rademacher and Whiteman's paper (Amer. J. Math. vol. 63 (1941) pp. 377-407). (Received August 11, 1952.) 2t. Leonard Carlitz : The reciprocity theory for Dedekind sums.
By means of the representation s(h, k) = l/4kMl/k)'E,t*i(r l -"l)~ltt
h -"l)~1 9 where | * runs through the fcth roots of unity and s(h, k) denotes the Dedekind sum, a proof of the reciprocity theorem is given. The proof was suggested by Redei's proof (Acta Scientarium Mathematicarum vol. 12, part B (1950) pp. 236-239) . The method also applies to Apostol's generalization (Duke Math. J. vol. 17 (1950) pp. 147-157) . (Received August 11, 1952.) 3t. C. G. Chehata: On an ordered semigroup.
The semigroup of Malcev (Math. Ann. vol. 113 (1937) pp. 686-691), which is known not to be embeddable in a group, can be turned into a (fully) ordered semigroup. This answers negatively the question whether an ordered semigroup can always be embedded in a group, ordered or not. An incidental consequence is that the ring considered by Malcev (loc. cit.), which can not be embedded in a division ring, can nevertheless be embedded in a formal power series ring. (Received September 8, 1952.) 4. Anne P. Cobbe and R. L. Taylor: On Q-kernels with operators. 
H 2 (Q, ZK)] is called the domain-deviation of 8: Q->A(K)/I(K).
An example shows that the U-orbits of £ cannot be determined from the operation of B on H 2 (Q, ZK)» without knowledge of the domain-deviation; the latter is computed explicitly for cyclic Q. The equivariant obstruction, an element of HÎ (Q, ZR) , is defined whether 0: Q-*A(K)/I(K) is extendible or not; it determines, but is not determined by, the Eilenberg-MacLane obstruction; in the extendible case, it determines, but is not determined by, the domain-deviation. The ideas are generalized to the case of a Q-kernel with a group B operating on both Q and K. (Received August 5, 1952.) 5. Serge Lang: The theory of real places.
Let K and L be two fields. An L-valued place <f> of K is a homomorphism of K into {L, oo }. We say that $ is a real place if L is a real field. If <f> is a real place of K taking its values in a real closed field R, then K is real and 4> can be extended to an i£-valued place of a real closure of K. The real places of K can be completely classified in terms of the possible orderings of K. Let K be a function field (in several variables) over a real constant field F and suppose K is ordered. Let £i<&< • • • <£« be a finite set of elements of K. Then there exists a zero-dimensional real place <f> of K (i.e. <f> takes its values in the real closure R of F and is identity on F) such that all #(&) are finite and <£(£i) <<£&) < • • • <<£(&»). This generalizes the Hilbert Problem solved by Artin. Sturm's Theorem remains an essential step in the argument. (Received July 30, 1952.) 6t. G. N. Raney:^4 subdirect-union representation f or completely distributive complete lattices. Preliminary report.
Let L be a complete lattice. Define a semi-ideal of L to be a subset M of L such that if yÇzM and x ^y, then x£ Af. For every yÇzL, let K(y) be the intersection of the family of semi-ideals M such that \jM^y. It is shown that L is completely distributive if and only if for every yÇzL, (jK(y) B y. Let xpy mean xÇzK(y) ; then the relation p has the property that pop-p. Moreover, it is shown that with every relation p such that pop=p there is associated a competely distributive complete lattice L, in such a way that if p is reflexive (and hence a quasi-ordering) then L is isomorphic with a complete ring of sets. This generalizes a result of G. Birkhoff. In terms of these notions it is proved that every completely distributive complete lattice is isomorphic with a closed sublattice of the direct union of a family of complete chains. (Received September 5, 1952.) It. H. J. Zassenhaus: On the representations of Lie algebras of prime characteristic.
It is shown that the enveloping algebra A (L) of a Lie algebra L of finite dimension n over a field F of prime characteristic p is a maximal order of a division algebra K of dimension p 2m over its center Q(Z), the quotientfield of the center Z of A (L). Z is an algebraic variety of dimension n. Each specialization 0 of Z onto F over F is extendible to a specialization 0* of AÇL) onto a hypercomplex system %*A(L) over F. Each absolutely irreducible representation A* of %*A{L) over F induces the absolutely irreducible representation A of L given by A(a)=A*0*(a) and each absolutely irreducible representation of L is obtained this way. The degree of A is not greater than p m and smaller than p m only for the genuine subvariety of specializations of Z mapping the discriminant ideal of A (L) over Z onto zero. The absolutely irreducible constituents of an absolutely indecomposable representation of L over F all belong to the same specialization 0 of Z onto F. (J9) and vanishes with all its derivatives of order less than m on the boundary of D, <f> is said to be an «th order eigenfunction of K with respect to B and with ^-eigenvalue X provided that K<f>-\B<f> -Bip where \f/ is an eigenfunction of order less than n of K with respect to B and with jB-eigenvalue X. For n ~ 1 these are the ordinary eigenfunctions of K with respect to B. It is shown that there exists a set of eigenfunctions of K with respect to B which is complete and forms a basis in L 2 (D) and H m (D) . If K commutes with B, the eigenfunctions of order n satisfy the equation (ÜC-X2?) n <Ê=0. Use is made in the proofs of the operational calculus for analytic functions of linear operators on a Banach space developed by Gelfand, Lorch, and Dunford. (Received September 11, 1952.) 10. H. S. Collins: Completeness and weak compactness in linear topological spaces.
Let X be a locally convex Hausdorff linear topological space over the reals R. X has property A [property B] if the bounded weak-* and weak-* closures for linear [maximal linear] subspaces of X* coincide. A set M in X is mean compact if given any sequence of points {x n } in X there is a point x in X such that lim inf» ƒ(x n ) js/(#) <£lim sup» f(Xn) for all ƒ in X*. The results are: 1. If M is mean compact, then M is contained in the adjoint of (X*, bounded weak-*), where ~M denotes the closure of M in the product topology of R x *. If X has property B, it follows that mean compactness and the various well known weak compactness notions are all equivalent, a result which generalizes earlier work of Smulian, Phillips, and Eberlein, and later work of Grothendieck. 2. Property B is equivalent to completeness. 3. Property A is, in general, stronger than property B, and if X has property A and L is any closed linear subspace of X, then L, X/L, any linear-open image of X, and any finer topology for X giving the same adjoint all have property A. In virtue of these results, property A is suggested as a more desirable definition of completeness in locally convex spaces. (Received May 26, 1952.) 11. V. F. Cowling and W. J. Thron: Zero-free regions of polynomials.
In this paper we obtain certain results about the location of the zeros of a polynomial. We use a method which was developed by Leighton and Thron (Bull. Amer. Math. Soc. vol. 50) to study the convergence of continued fractions and was then adapted by Cowling (Proceedings of the American Mathematical Society vol. 2) to obtain results on the distribution of values of the partial sums of a Taylor series. This latter method has now been further modified to make it as suitable as possible for our present purpose. A typical theorem which is proved is the following: Let P (2) .) It is based on the known fact that for K=*m -1, the solution of (*) is Mfa, t;f), the mean value of ƒ over the surface of the sphere of radius t about the point (#i, • • • , x m ). For K>m -1, the solution of (*) is given by an integral formula which coincides with the solution obtained by Hadamard's method of descent for K***m t m-{-l t w+2, • • • . For K^m -1, this integral does not converge, but the function of K represented by it is continued analytically. In this manner, the following solution of (*) is obtained for
)(*i, /; ƒ) * S n where A, B, and S» are known constants, and N p is M(Xi, at; f) minus the first p+1 terms of its Taylor series in a, about a. = 1. For m-ha. positive odd integer, the first term disappears and one obtains a Huygens' principle. (Received September 8, 1952.) 13. Joanne Elliott: The boundary value problems and semi-groups associated with certain integro-differential operators.
We are concerned with initial value problems for the pair of equations (1) 
Probabilistically, these equations bear the same relation to the Cauchy process as the backward and forward heat equations on a finite interval bear to homogeneous diffusion on the infinite interval. Hence, it is surprising that each equation behaves analytically like a certain parabolic differential equation with non-constant coefficients. The solutions are treated as semi-groups of transformations on the initial values. Following the method of Feller (January (Ann. of Math. vol. 55), we start with (1) and study the resolvent equation \f-Qf=h in C [ -l, -j-l] . This is reduced to an integral equation, and the existence of positive, norm-not-increasing solutions is proved. It is shown, by use of the Hille-Yosida criterion for infinitesimal generators, that the most general boundary conditions for the parabolic equations have analogues in this case. The adjoint semi-groups are then studied, and it is shown that in certain important cases they are generated by ft*, but that in general the generators will contain additional terms. (Received September 10, 1952.) 14/. William Feller: On the generation of strongly continuous semigroups.
Let {Tt} be a semi-group of bounded linear operators from a Banach space X to itself which is (strongly measurable and therefore) strongly continuous for />0. Under the restrictive conditions (1) T t x->x as £-K) for each x&X, (2) || T t \\ <1 -\-ct for t < 1, Hille and Yosida defined an infinitesimal generator ft and succeeded in characterizing all infinitesimal generators in terms of the resolvent (XI-ft)"" 1 . In this paper an analogous result is obtained for the general case where both (1) and (2) are dropped. Then ||r t || may be unbounded near £=0. The theory of the "resolvent" goes through although (XI-ft)"
1 is an unbounded operator and the entire right half of the X-plane may belong to the continuous spectrum of ft. By specialization one obtains a characterization of ft for the case of strong continuity at /==0 (condition 1). (Received September 10, 1952.) 15/. William Feller: Semi-groups of transformations in general weak topologies.
For semi-groups {T t } of bounded linear operators from a real Banach space X to itself usually strong measurability is assumed. Translations in B V( -oo, -oo ) are not even weakly measurable, translations in C( -«>, -<*> ) not strongly measurable. A more general approach avoids these difficulties. Let X* be the conjugate space of X and T t * the adjoint transformation to T t . Let Y(ZX* be invariant under {Tt} (e.g. F=subspace generated by Tfxf). Call {T t } weakly (F) measurable if the real function x*(T t x) is L-measurable whenever xÇzX, x*Çz Y-Considering y£ Y as operator from X to the set of L-measurable functions leads to a definition of li essential norm" ||r*|| c . It is L-measurable and bounded in d<t<ô~l (while, according to R. S. Phillips, neither statement is true of ||r*||, even if {T t } is weakly measurable, i.e. F-X*). It is shown that {T t ] can be extended to spaces X e Z)X t FO Y in which {Tt} is closed under Pettis integration, and has a weak continuity property expressible in terms of Banach's transfinite limits. Each of these spaces contains a subspace in which {T t } is strongly continuous with a norm ^||r*||«. The notions of infinitesimal generator and resolvent are generalized. Let X 0 be the space of those xÇzX for which yTtX -0 a.e. for each yÇz F. The quotient space X/XQ can be remetrized and completed under a finer topology so as to make {T t } weakly continuous with bounded true norm. (Received September 10, 1952.) Let x~X(x, f), X(0, /)=0, be a system of differential equations. The solution x -0 is said to be totally stable if given e>0 there is a 5>0 such that the solutions x{t) of a varied system x -Xi satisfy \\x(t)\\ <e for t^O, provided that ||#(0)|| <ô and ll-X"-Xi\\ <ô. A sufficient condition for the total stability is the existence of a Lyapunov function V(x, t) with the properties: (a) V is positive definite; (b) dV/dt is negative definite; (c) the partials of V are bounded. It is possible to prove similar sufficient conditions for the total stability of a solution in the "orbital" sense. A function %(t) is said to be € + -periodic of period T if there is a sequence t nt to -0, 0<T-e <t n +i-t n <T-\-€ t such that \x(t n +r)-x(j)\ <e for 0^r^/" + i-/". It is then possible to show that systems of differential equations which are close to systems having periodic totally stable (in the strong or in the orbital sense) solutions, have e + -periodic solutions. (Received September 15, 1952.) 
M. H. Protter: The Cauchy problem with data on the parabolic line.

Consider the equation K(y)P(x, y)u xz -Uyy+a(x, y)u x +b(x, y)u y -\-c(x t y)u =f(x, y)
where K(y) behaves like ƒ*, a>0, in a neighborhood of y = 0, P(x, y)>0 for all x, y, and all coefficients are, say, twice differentiable. The Cauchy problem for the above equation is treated when the initial data are prescribed along a segment of the #-axis (which is a parabolic line). It is shown that the Cauchy problem is correctly set if ya(x, y)/(K(y)) ll2 -+0 as y-»0. This generalizes previous results of Berezin and Bers for the Cauchy problem. The method consists of reducing the above equation to a system of the first order and then solving the corresponding system of integral equations obtained by integrating along characteristics. (Received September 10, 1952.) 
V. L. Shapiro: An extension of results in the uniqueness of double trigonometric series.
Let T= ^2omne i(mx+nv) be a double trigonometric series whose coefficients a mn =ö(l). Call T a series of type (U) if the circular partial sums of the series ]C(^mn/(w 2 +» 2 ))«* <W3J+nw) converge uniformly. Suppose the circular partial sums of Tare (C, 1) summable to a function ƒ(#, y). It is known (M. Cheng, Ann. of Math, vol. 52 (1950) 
pp. 403-416) that if f(x, y) is mean continuous everywhere and the Fourier series of f(x, y) is of type (U), then T is the Fourier series of f(x, y). In this paper it is proved that T is also the Fourier series of f(x, y) iff(x, y)
is an essentially bounded function. In case T is a double sine series of type (U), then it is shown in this paper that ƒ(x, y) need only be an integrable function for T to be its Fourier series. (Received September 10, 1952.) 
21/. Bertram Yood: Complex Banach algebras with an involution.
Let B, Bi be two complex Banach algebras with an involution. Call B a p*-algebra if there exists an auxiliary norm | x\ (in which B is a not necessarily complete normed algebra) and a number k>0 such that p(ff)£^&|#| for all self-adjoint (s.a.) x, where p(x) is the spectral radius of x. Call B a pf-algebra if the auxiliary norm can be chosen with B complete in it. An important distinction between these algebras and the algebras with involution usually treated is that x*x~0 does not imply x~0. It is shown that if B is a p*-algebra in which every s.a. element has real spectrum, then B has the uniqueness of norm property discussed by Rickart [Ann. of Math. vol. 51 (1950) pp. 615-628] . If B and B\ are two p*-algebras where every s,a. element in B has real spectrum and the involution in Bi is continuous, then any algebraic "'-isomorphism of B into B\ is bi-continuous. Conditions are given under which a p c -algebra is ^isomorphic to a C*-algebra where the "^isomorphism is bi-continuous. (Received September 10, 1952.) 
22/. Bertram Yood: Homomorphisms defined on regular Banach algebras.
Let T be an algebraic homomorphism of a complex commutative Banach algebra Bi into another such algebra B 2 . It is assumed that each Bi has an identity element e*-, T(ei)~e2, and that Bi is regular in the sense of Silov [Trav. Inst. Math. Stekloff vol. 21 (1947) 
]. It is shown that T(B{) is always regular, and that for each maximal ideal M, T{M) is contained in a maximal ideal of B 2 if and only if T-1 (T(R))^R
where R is the radical of Bi. If B\ is semi-simple, T one-to-one, and the mapping x->x(M) of B\ into the algebra of continuous functions on its space of maximal ideals has closed range, then T is continuous and T(Bi) is closed. Some results are also obtained for the situation where T is not an isomorphism. (Received September 12, 1952.) 23t. H. J. Zimmerberg: On the Green's matrix of a differential system. Let G(x, t) . 1326-1332 ) the author has shown that if a good lower bound for the eigenvalues of (a»,,-) is known, the relaxation factors can be chosen so that the average rate of convergence is asymptotically proportional to R lf2 as R->0 where R is the rate of convergence of the method using a fixed 0. For a given integer m, the relaxation factors which yield the optimum convergence are given by
where /"=cos [(2»-l)7r/2ra] and b and a are upper and lower bounds respectively for the eigenvalues of (a*,/). Although stronger restrictions on (a»,y) were required to prove the same order-of-magnitude gain in convergence rate for the successive overrelaxation method (Bull. Amer. Math. Soc. Abstract 56-4-322) Richardson's method is not as well adapted for large automatic computing machines and is slower in many cases by a factor of at least two. (Received September 5, 1952.) GEOMETRY 27. L. F. Markus: Orientability of line element fields.
A continuous field of line elements on a simply-connected differentiable manifold is orientable. A similar statement holds for a regular curve family filling a simplyconnected topological manifold. (Received October 18, 1952.) 28. Katsumi Nomizu : Group of affine transformations of an affinely connected manifold.
It is a well known theorem that the group of all isometries of a Riemannian manifold is a Lie group (S. B. Meyers and N. E. Steenrod, Ann. of Math. vol. 40 (1939) ). The main purpose of the present paper is to establish a similar theorem for the group of affine transformations of an affinely-connected manifold. Any descriptive geometry becomes a p.o. geometry if we define (abc) to mean either b is an interior point of segment ac or a = b = c. A spherical geometry may be converted into a p.o. geometry by the adjunction of an "ideal" point bearing appropriate order relations to the given points. Any projective geometry also can be converted into a p.o. geometry by adjoining properly an "ideal" point. Any Boolean algebra becomes a p.o. geometry if (abc) is defined to mean al^c^b^aKJc.
There exist p.o. geometries which are not simply ordered and whose points and "lines" form an affine geometry (Prenowitz, Partially ordered fields and geometries, Amer. Math. Monthly vol. 53 (1946) pp. 439-449 This extends a theorem of Post (loc. cit.) into the transfinite, as conjectured by him, making use of an extension of Kleene's hierarchy of predicates developed in the author's dissertation (Princeton, 1950) . (Received October 16, 1952.) 31. Hartley Rogers, Jr. : Some results on definability and decidability in elementary theories. I.
In Journal of Symbolic Logic vol. 16 (1951) pp. 239-240, Church and Quine show that a general binary relation is definable from a symmetric relation in the sense that an expression of quantification theory exists, in one binary function variable and two free individual variables, such that as symmetric relations are assigned to the function variable, the value of the entire expression runs through all binary relations. The general decision problem for quantification theory thus reduces to that for a single symmetric relation. As intermediate degrees of undecidability may possibly exist, this is at present somewhat stronger than an undecidability result alone. Using relation-sets-elementary theory models which are values for higher variables in thirdorder functional calculus-the writer develops a theoretical framework for results of this general kind. The theory accommodates results somewhat beyond the immediate definability method of the Church-Quine paper. The theory is applied to obtain reduction-undecidability-definability for the elementary theory of a single binary disjoint relation (domain and co-domain disjoint), of a single symmetric reflexive relation, and of a single transitive reflexive relation. Reduction-undecidability results are obtained for the cases of two equivalences, one equivalence and one total order, and two total orders. (Received August 6, 1952.) 32/. Hartley Rogers, Jr. : Some results on definability and decidability in elementary theories. II.
A decision method for the elementary theory of a single equivalence is known, also for monadic quantification theory with identity, i.e., the elementary theory of a single equivalence R and any number of singulary relations Fi which are well-defined with respect to that equivalence (R(x, y)Z)x V 'Fi{x)Z^Fi(y) is true). These results are here extended by deriving decision methods for the elementary theory of a single symmetric and transitive relation, and for the elementary theory of a single equivalence together with any number of singulary relations, well-defined or not. By the elementary theory of rectangular arrays we shall mean that theory obtained when we consider matrix arrays of 0's and l's, use two binary constants C and R interpreted as "in the same column as" and "in the same row as," consider occurrences of l's as individuals, and construct formulas within quantification theory. Results of this paper and the preceding paper are used together to show that the theories of m Xfinite, mX °o, as well as«X» arrays are decidable, while the theory for oo X °o arrays is undecidable though axiomatizable. The theories for finite X finite and finiteX «> arrays are shown equivalent, though decision and axiomatizability here remain undetermined. (Received August 6, 1952.) STATISTICS AND PROBABILITY 33t. Herbert Robbins: On the equidistribution of the sequence of cumulative sums of independent random variables.
Let {X n } be independent random variables with a common distribution F and let Sn-Xi-t-• • • +X W . The author is interested in the general problem of proving that, under certain hypotheses on F, the sequence {S n \ is with probability 1 "equidistributed" (i.e. "uniformly dense") on the line -» <x< «> in some sense to be made precise. For example, if g(x) is any almost periodic function, then, with probability 1, limn+oon^giSj) ~g -mean value of g(#);also, with probability 1 the sequence {S n \ is equidistributed in the usual sense modulo I simultaneously for all finite intervals J. These results hold for any nonlattice distribution Let a uniform structure which is less fine than all the other uniform structures compatible with the topology of the space be called the crude structure of the space. In a locally compact space the uniform structure induced by the uniquely defined onepoint compactification is the crude structure. A unique uniform structure implies a unique compactification, in particular the one-point compactification of a locally compact space. The proof of this second theorem demonstrates a method of construction of distinct uniform structures. If a space has a unique uniform structure it is countably compact. A paracompact space is complete with respect to its universal structure. This last theorem answers questions raised by André Weil {Sur les espaces à structure uniforme et sur la topologie générale, Actualités Scientifiques et Industrielles, no. 551, Paris, Hermann, 1937) and J. Dieudonné {Une généralisation des espaces compacts, J. Math. Pures Appl. vol. 23 (1944) pp. 65-76). Relative to paracompactness, it is shown that the three properties, paracompactness, superior compactness from fc$ i, and the property that every covering has a star finite refinement, are equivalent in a space which is locally countably compact and has at most a countable number of quasi components. (Received July 14, 1952.) 
